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Abstract

Firearms are used for a variety of purposes, including self-defense, hunting, security guarding,

competitions, and ancient and modern warfare. Ballistics, the study of the motion of

projectiles, has been explored by humans since the invention of firearms, which may be traced

to the mediaeval times. Existing mathematical expressions can determine motion, but in

practise, the shooting environment may be complicated, and a law of motion model based on

ideal conditions may not be accurate. A simple question is raised: Is the existing estimating

approach accurate, and if not, how could it be modified to better match to real-world data?

This project is to answer the problem of estimating velocity of bullet at varied distances

from the muzzle, depending on the characteristics of bullet. The dataset for this project

will be analysed using the equation of motion, together with symbolic regression, a machine

learning technique that creates a mathematical expression. Genetic programming and the

DEAP framework have been selected as analysis tools for symbolic regression. The aim of

this project is to train a model that fits the datasets from Ammo & Ballistics 6[14].

A hybrid model based on a combination of the equation of motion and symbolic regression

is developed and demonstrates a relatively good performance not only on the ammunition

type for training, but also on test sets containing data from bullet models somewhat distinct

from the training and validating sets, which may indicate that the model has a good level of

generalisation.

A model on internal ballistics is trained, which predicts the initial velocity of a bullet at

the muzzle depending on bullet parameters and gunpowder weight. The relation of training

dataset size and genetic programming model performance is also examined.
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Chapter 1

Introduction

There is a wide range of application of firearms in self-defencing, hunting, security guarding,

ancient and modern warfare and competitions. The ballistics, a science that studies the

motion of projectiles has already been explored by people since the advent of the firearm,

which may be traced back to the middle ages. A precise and quick prediction of the trajectory

is the key to enhancing shooting accuracy, as well as the premise and guidance for adjusting

the firearm. Using numerical integration to solve the ballistic equation is the conventional

method for trajectory prediction. However, achieving a precise solution value requires a

minor integration step and a complicated trajectory model, which will definitely increase

both processing time and computational complexity. The difficulty of rapidly and effectively

determining the bullet trajectory has emerged as a subject worthy of consideration.

Advanced technologies have resulted in the development of tools for simulating ballistics,

including ballistic trajectory charts, ballistics calculators, relevant measure equipment etc..

All of these techniques, nevertheless, have some drawbacks: First of all, since all of these

techniques are restricted to already-existing bullet types, it is almost impossible to predict any

future design without production and experiments, which not only increases the time required

but also the expense of the research. Moreover, none of the aforementioned methods provides

a specific function that describes the movement of bullets, which would be essential if we

wished to further investigate the trajectory or extrapolate the initial condition of the projectile

based on a particular state of the bullet, such as determining the initial condition of a bullet

provided its velocity at a certain distance from the muzzle. A mathematical formulation of

bullet trajectory can also be used to explore the effect of a particular property(e.g. bullet

tip shape) on the velocity of bullet. Hence, the purpose of this research is to demonstrate a

machine learning technique for problem prediction by returning a function that reflects bullet

motion based on current ballistic data. In the future, if the function has a high degree of

precision, it will be of great reference for trajectory calculations and engineering design.

In this dissertation, the ballistic coefficient and bullet weight were used to model the motion

of certain bullet models. Three types of trajectory prediction were established, one is derived

from the equation of motion, one is from a symbolic regression method based on genetic

programming. A hybrid model that incorporated the two methods mentioned above was also

1



CHAPTER 1. INTRODUCTION 2

considered. Regarding the internal component of ballistics, I explore the correlation between

the specifications of bullet(e.g. diameter, weight, tail shape, tip shape) with the amount of

gunpowder loaded and the initial speed of the bullet at muzzle. These methods mentioned

above will be discussed further in Chapter 4.

1.1 Overview of the Report

Chapter 2 gives a short literature study for this project, including an introduction to ballistics,

the mathematics involved in ballistics, and elements that may impact the velocity of a

projectile throughout its travel. Regression techniques in machine learning are discussed

briefly, along with the differences between symbolic regression and other classic regression

approaches. In this chapter, the justifications for employing symbolic regression in this project

and for selecting genetic regression to solve symbolic regression problems are outlined. The

ballistic calculator, an existing tool for modelling ballistic trajectories, is briefly presented

and its limitations are highlighted.

Chapter 3 covers the selection of datasets, explains the bullet types employed for the train,

validation, and test sets, and provides a brief introduction to the methodologies that will be

used in subsequent chapters. The ethical issues are also addressed in this chapter.

Chapter 4 provides a comprehensive project plan. Each method contained in this project is

described in detail. In this chapter, the tools and algorithms used are thoroughly discussed.

Chapter 5 discussed experiment outcomes. RMSE is used to evaluate the performance of

each approach by measuring the error value from the dataset of each method. The process

of hyperparameter tuning and the performance of the model at various distances are also

covered in this chapter.

The conclusion of this project is stated in chapter 6.

The results are detailed in the appendices. The model of symbolic regression is presented in

appendix A, whereas the specifications of the hybrid model are presented in appendix B.



Chapter 2

Literature Survey

This chapter introduced the project’s theoretical foundation. Including ballistics and important

external ballistics measures, as well as a tool for computing external ballistics. This chapter

also introduces symbolic regression, the machine learning technique that will be utilised in

this project, and explains its benefits.

2.1 Ballistic

2.1.1 Overview of Ballistics

Ballistics is typically divided into four categories[44]:

• Interior ballistics studies the projectile propulsion. In guns, internal ballistics refers

to the movement from the ignition of the propellant and the projectile’s escape from

the gun barrel.

• External ballistics studies the period from the time the projectile leaves the muzzle

and moves through the air until it hits the target.

• Transitional ballistics(also called intermediate ballistics) studies the behavior of the

projectile from the moment it leaves the muzzle until the pressure from propellant is

subsided.

• Terminal ballistics studies the movement and behaviour of bullet after it hits the

target.

In this project, I focus on mainly exterior ballistic. External ballistics and the factors that

affect external ballistic forces will be discussed in details in next session. An experiment on

internal ballistics is done and discussed in chapter 4 and 5, but the mechanism of internal

ballistics is not discussed, as the factors that may affect the propelling force when bullet is in

the barrel can be various, the type, quality and volume of propellant, the shape of cartridge

chamber and the mass and shape of bullet, and the chemistry and complex mechanics of

the burning process will not be discussed in this dissertation, I’ll only investigate on the

3
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connection between loaded gunpowder volume and initial velocity of bullet at the muzzle for

internal ballistics.

2.1.2 External ballistics

External ballistics is the study of the movement of projectiles after they have left the barrel.

The varieties of projectiles may range from those of 4mm calibre and half a gramme to those

of 9 metres in length and 16 tonnes. The size and weight of a projectile significantly affect its

trajectory; more specifically, the amount of air resistance it encounters is highly influenced

by its dimensions. The earliest known firearm was invented in China in the 10th century,

where it was able to shoot out flame horizontally out of a hollow bamboo tube loaded with

rocket[41]. However, not until the late 15th century guns reached their ”classic” form, where

guns became longer, lighter, more productive and more accurate, and the study about the

bullet movement became more reasonable. Isaac Newton is one of the modern founders of

external ballistics, as Newton’s laws of motion established the framework of modern classical

mechanics, without which ballistic would not become a science. The trajectory of bullet is

determined by two types of forces: gravity and aerodynamic forces. Gravity depends on the

mass of the projectile and acts downwards in the vertical direction, causing the projectile to

fall below the line of sight after a long distance travel. Major aerodynamic forces include

normal force, drag force, lift force, pitching moment, Magnus moment, and pitch damping

moments(Lahti et al., 2019)[27]. This dissertation focuses on the bullets used in firearms,

or guns, which is designed to be easily carried and used by individuals. The majority of

aerodynamic forces for a bullet fired from a gun with a flat trajectory can be neglected

due to the small travel distance and light weight of the projectile; these forces are minor

compared to the drag force. In this project the equation of motion is used as the foundation

of theoretical approach of solving the trajectory problem. An equation of projectile speed

can be deduced from the Newton’s second law of motion(F = m · a)[33]:

m
d
−→
V

dt
=

∑−→
F +m−→g +m

−→
Λ (2.1)∑−→

F in (2.1) refers to the summation of all external forces the projectile experiencing

through the movement, which is a summation of drag force and force from crosswind in this

project.

2.1.3 Ballistic Coefficient

Ballistic coefficient illustrates the extent of a projectile in flight is slowed down by air

resistance, it is affected by the projectile’s mass, drag coefficient, and cross sectional area

in the direction of its motion in relation to the atmosphere[29]. It plays a significant role in

both the analysis of the performance of the bullet and the engineering design. In comparison

to a bullet with a low ballistic coefficient, a high ballistic coefficient bullet will travel farther.

A high ballistic coefficient bullet will shoot flatter, maintain its initial speed better, and have
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better resistance at the wind.

Ballistic coefficient can be calculated by measuring the velocity of bullets at different distance

from muzzle[9][42]. When selling ammo, the manufacturer will provide a reference value of

ballistic coefficient. According to the research from Courtney and Courtney(2007)[12], many

bullet manufacturers are likely to overstate ballistic coefficient values for marketing purpose,

and their experiment shows there is an exaggeration from 5-25% among the majority of

fourteen bullets with calibre in range 0.224-0.308 inches. If we assume that the ballistic

coefficient value is too optimistic or exaggerated, a series of questions come to mind: Is the

theoretical approach of trajectory(e.g. equation of motion) using published ballistic coefficient

value still reliable? Is there a more accurate technique to simulate the trajectory of a bullet

that depends more on other feature of it, such as weight, material and design? This will be

considered and further discussed in chapter 5, which discussed both models based on ballistic

coefficient and on mass and diameter only.

2.1.4 Drag coefficient

Drag coefficient is a quantity that describes the resistance of an object from a fluid environment.

A low drag coefficient represents that the object receives less aerodynamic drag force from the

environment, such as ”streamlined” design, which is known for its low air resistance. Drag

coefficient associates with the speed of object, density of surrounding fluid, and the shape of

object.

In ballistics, the term ”drag coefficient” usually refers to the standardised drag models.

There are several types, but the G1 and G7 are the two most frequently used by people. G1

and G7 are two standard aerodynamic drag models with different projectile shape, where

G1 is more preferable for flat-based projectile and G7 is designed for a longer, boat tailed

bullet. Ballistic coefficient of a projectile is calculated as CBC =
m

CdA
, where m is the mass

of projectile,Cd the drag coefficient of the standard model, A the cross sectional area of the

projectile and CBC refers to the ballistic coefficient related to a standard drag model(e.g. G1

ballistic coefficient).

There are a few scientific studies published on the relation of projectile shape and drag

coefficient: Rafeie and Teymourtash(2016)[38] studied three shapes(wadcutter, sharp-pointed,

round nose) of 4.5mm calibre by finding a numerical solution of the Navier-Stokes equations,

their analysis showed the round nose pellet has the best aerodynamic performance while

the sharp-pointed pellet has flattest trajectory(i.e. fastest initial velocity). Their analysis

also indicated a sharp rise follows by a slow decrease of drag coefficient when speed goes

from subsonic to supersonic for all three bullet shapes. Salimipour et al.[40] carried out a

more comprehensive and accurate simulation on 4.5, 5.5 and 6.35mm projectiles in 2018 with

Naiver-Stokes equations, approved Rafeie and Teymourtash’s findings, and showed a flat-nose

bullet has least attitude loss in short distance(10m), while round-nose bullet performs better

in flatness at a longer distance(35m). Ladommatos[25][26] tested the relationship of different

bullet shape and by detailed experiments and obtained a similar result of round-nose less

than sharp-nose less than flat-nose in drag coefficient, but were limited to only at speeds
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below 0.57 Mach. These studies inform my decision to incorporate bullet shape and design

as variables during machine learning model training.

The drag coefficient often changes significantly when an object exceeds the speed of sound,

and as the movement of bullet usually start with a high initial velocity, this change of drag

coefficient matters in ballistic study. The outcome from Chartes and Thomas indicates that

when the velocity of a sphere from a supersonic to a transonic range, the drag coefficient

will decrease. Through the transonic zone, the drag coefficient rapidly decreases, and at the

subsonic zone, it nearly remains unchanged[10]. A large number of experiments on different

calibres from Braun[7], McCoy[30] and Hitchcock[17] supported that bullets have similar

behaviour on drag coefficient when bullet speed from supersonic to transonic.

2.2 Existing tool of modelling ballistic trajectories

Ballistic calculator is often used in predicting bullet trajectories. Contemporary ballistic

calculators are usually based on mathematical models. An exterior ballistic calculator usually

requires to select a bullet model from existence, ballistic coefficient, weight of bullet, initial

velocity, shooting angle, and a series of features describe the environment of shooting, such

as wind, temperature, altitude and humidity.
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Figure 2.1: Example of a ballistic calculator, from Hornady[18]

Ballistic calculators use a standard drag force model and calculate the velocity and path

bases on the mathematical functions that describes the whole system. The common models

are G1 and G7, which illustrate different shape of bullet. This estimating method has its

limitation: The drag force curves of bullets are more or less different from the G drag force

curves since bullets rarely have the same shape as typical G models, which makes estimations

never totally accurate.

In addition, existing ballistic calculators only accept certain bullet types from their database

and need a variety of weapon and environment-specific parameters. If some parameters(e.g.

wind speed, temperature) are inaccurate or unknown, it is almost difficult to determine an

accurate trajectory using ballistic calculators.

2.3 Regression

Regression methods are used to evaluate the connection between a dependent variable and one

or more independent variables. It is categorised as supervised machine learning. Regression
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usually returns a specific mathematical rule with the given data. The most common forms

of regression may be linear regression and logistic regression, with the former establishing

a linear relationship between data and the latter modelling the likelihood that an event

will occur. In this project, the symbolic regression technique is selected above all other

traditional regression models, as the majority of which have the disadvantage of requiring a

predefined data model structure. For example, in linear regression, people assume that the

dataset has a linear correlation, and in logistic regression, the targets need to be binary

or ordinal. In contrast to traditional regression approaches, symbolic regression avoids

introducing presumptions and to instead presumes the model from the data, aiming to identify

both the data correlation and model parameters.

2.3.1 Symbolic Regression

Symbolic regression is the technique of obtaining mathematical expressions that match actual

output. It is an optimisation problem and often believed to be NP-hard[32]. Number of

techniques are used to solve the challenges of symbolic regression, the popular methods

are mainly based on genetic programming. Genetic programming is a iterative method that

creates offspring from parent solutions by simulating the genetic crossover process and rejects

undesirable solutions to evolve a group of candidate solutions. Koza[23] first presented the

genetic programming model in 1992. In the ”Koza-style” GP, the syntax tree made up of

operators over inputs and constants optimised by the algorithm. The majority of symbolic

regression research to date has originated from genetic programming sub-field.

There are other algorithms that are used to solve symbolic regression problem. Petersen et

al.(2020)[37], Kim(2020) et al.[22] stated deep learning approaches of symbolic regression.

The deep learning method has similar accuracy, but takes a longer time to approach to the

right solution comparing to many genetic programming methods at most of the cases. Jin et

al.[20] in 2019 is an example of applying the Markov chain Monte Carlo algorithm to aid in

the search for a symbolic regression solution. Math expressions are represented by trees in the

Jin et al.method, and new expression trees are generated based on past iterations, similar to

genetic programming methods, while trees in each iteration operate ”stay”, ”grow”, ”prune”,

”delete” and ”insert” with certain probability, just as Monte Carlo algorithm.

La Cava et al.[24] purposed a standard framework for benchmarking symbolic regression

methods and test the performance of 14 symbolic regression algorithms. Using a large

real-world dataset from the Penn Machine Learning Benchmark (PMLB) and black-box

regression tasks, La Cava et al.concluded that on real-world and black-box regression problems,

GP-based symbolic regression approaches perform better than recent symbolic regression

methods that depend on other fields, and on synthetic real-world physics and dynamical

systems problems. This provides early suggestions for selecting symbolic regression through

genetic programming as the project’s methodology. The genetic programming algorithm is

a standard and common technique for solving symbolic regression problems; hence, I have

chosen to implement it in this project.



Chapter 3

Analysis

In this chapter, I explain in detail why 6.5mm bullets were chosen as the training data set,

outline some of the constraints of this data set, and briefly describe the methodologies and

formulas utilised in this project, which will be discussed in greater depth in later chapters.

3.1 Overview of dataset

The external ballistics data set was obtained from the book Ammo & Ballistics 6: For Hunters,

Shooters, and Collectors by Forker[14], the data set is extensive given that it includes a wide

range of bullets generally range from 4mm pistol cartridges to rifle cartridges for hunting.

Here is one example from the book:

Hornady 120-grain GMX(81490) G1 Ballistic Coefficient = 0.450

Distance(Yards) Muzzle 100 200 300 400 500 600 800 1000

Velocity(fps) 3050 2850 2658 2475 2298 2129 1968 1668 1409

Energy(ft-lbs) 2478 2163 1882 1631 1407 1208 1032 742 529

Taylor KO index 13.8 12.9 12.0 11.2 10.4 9.6 8.9 7.5 6.4

Path(Inches) -1.5 1.4 0.0 -6.3 -18.3 -36.9 -63.2 -144.4 -276.0

Wind Drift(Inches) 0.0 0.6 2.5 5.8 10.6 17.1 25.6 49.3 83.6

Table 3.1: An example of 6.5mm Creedmoor from data set

This data set, but at the other hand, has a number of omissions:

• Small number of data for each bullet type:

Although for each cartridge several sets of data is given, each set of data describes

the motion of different bullet and produced by different brand. The number of data

is small, which is usually not sufficient enough to train a machine learning model and

may lead to a result of under-fitting. On the other hand, since the tests are being

9
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carried out by humans, the data collected may fluctuate from the optimal outcome due

to imperfections in the operating procedures and recording equipment. For example,

a minor movement of the barrel during bullet release will add speed towards the

projectile’s initial muzzle velocity. Every piece of data contains a degree of error due to

these unpredictable factors, and one of good approaches to remove the noise is to use a

large quantity of information to eliminate the inaccuracy. If we could assume that the

noise values are independent and random to each other, according to the Law of Large

Number, the average of the observations acquired from a large number of trials should

be near to the expected value and tends to become closer to the expected value as more

trials are undertaken[13]. As a result, using current data set may lead to an outcome

of inaccuracy, although the outcome may still acceptable, as in reality, shooting may

subject to similar deviations.

• Weight of bullet:

The weight of each bullet is stated in the data set measured in grains(grs), where 7000

grs is equal to 1 commercial pound in English units[6]. The data belonging to the same

set (for example, 6.5 Creedmoor) have a similar shape as they fit the same cartridge,

but the bullet designs may differ slightly in terms of size, material and weight. The

weight of bullet is usually stated in the product name, such as Hornady 120-grain

GMX(81490). Some bullets may be composed of different types of materials, such as

the Hornady A-MAX, which has a polymer bullet tip and a metal body. Uneven weight

distribution and varying centre of mass may impact the trajectory, but the dataset is

insufficient to accommodate for this.

• Propellant of cartridge:

A modern cartridge is usually consisting of four components: the case, the projectile,

the propellant, and the primer. Each step of manufacturing process could affect the

performance of the cartridge in use. The ammunitions under same cartridge are

produced by different brand, which could clearly affect the performance of bullets.

Performance variations are inevitable even with the same batch of bullets due to

the manufacturing, shipping and experiment operating processes. For example, the

condition of the propellant’s combustion in the cartridge case may have an impact on

the burn rate and, therefore, the bullet’s propulsion energy. If we are simply thinking

about the external ballistics, which begin to measure after the bullet exits the muzzle,

then this may not be a deep concern.

• Data of the environment:

Performance of bullet might be impacted by the shooting environment, such as temperature

and humidity. As discussed in Chapter 2, the drag coefficient has a dramatic change

when the speed of the bullet drops from about 1.2 Mach to below 1 Mach. The

temperature has an obvious effect on the speed of sound in the air, with a formula[34]:

vsound = 331.22 ∗ (T + 273.15

273.15
)0.5 (3.1)
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Note that the equation 3.1 was originally provided in the unit of Kelvin(K) for the

temperature and knots(kts) for speed. The equation 3.1 has been converted into

units of Celsius(◦C) for temperature and metre per second for the speed for better

understanding. From equation 3.1 we can see that at 0◦C the sound speed is around

331m/s, and when temperature increases to 30◦C the sound speed increases to around

349m/s, which means a 5.4% of increase. However, factors that raises the temperature

of air around the bullet can be various: the propellant in cartridge not only brings the

bullet power, but also heat through burning, heat generated by the friction between

the bullet and the barrel, and the majority of the energy that is lost through resistance

during projection will be converted to heat. The humidity of air has minor affect on

the speed of sound, which is about 1.5 m/s difference between 0% and 100% humidity

at standard pressure and temperature, yet, when temperature rises, the impact of

humidity on sound speed will become more evident[46].

Moreover, burning propellant involves a chemical reaction. The starting temperature

of the process influences the reaction’s initial work rate, as it does with most chemical

reactions.

3.2 Dataset selection

The 6.5mm diameter bullets data sets are chosen to use as train data in this dissertation.

This includes the .260 Remington, 6.5mm Creedmoor and 6.5 Remington Magnum. 6.5

mm bullets are known for their relatively high sectional densities and ballistic coefficients,

they were designed for long-range shooting and often have a good accuracy. Here is a

comparison of three types of bullets that are frequently used, which are 6.5mm Creedmoor,

.30-30 Winchester and .308 Winchester. All these three are rifle cartridges, have a similar

shape design but in different size:

Cartridge Model
Initial velocity

(fps)

Weight

(grs)
G1 Ballistic Coefficient

6.5mm Creedmoor
Hornady 120-grain

GMX(81490)
3050 120 0.450

.30-30 Winchester
Remington 125-grain Core-Lokt

Pointed Soft Point

- Managed Recoil (RL30301)

2175 125 0.215

.308 Winchester
Winchester 120-grain Defender

(S308PDB)
2850 120 0.256

Table 3.2: Comparison of three type of cartridges
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Figure 3.1: The path of three bullet travel by distance from muzzle

Figure 3.2: The reduction of speed of three bullet by distance from muzzle

Figure 3.3: The wind drift of three bullet travel by distance from muzzle
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For each bullet, there were only 9 data points provided in the data set. In order to plot

smooth curves of trajectory, I use interpld from scipy.interpolate and choose ’quadratic’

kind of interpolation. Figure 3.1 shows the extent of the bullet’s descent in relation to the

distance from the muzzle, and it can be observed that the 6.5mm Creedmoor has the smallest

decline level among these three bullets. This indicates that the 6.5mm Creedmoor has a

wider field of fire than the other two due to its faster speed. Figure 3.2 represent the rate

of speed declined over the travel of bullet, these speeds were calculated by dividing them by

the initial speed, as the initial speeds are various for different bullet. Additionally, as seen

in Figure 3.3, the 6.5mm bullet has the least amount of wind drift out of the three types,

lowering the uncertainty brought on by any external factors such as wind.

The data from book[14] includes the velocity, energy, Taylor KO index, vertical path and

wind drift of the bullet at different distance from the muzzle. The velocity, vertical path,

and wind drift are the three primary characteristics that explain the motion of the projectile

in this study. Energy, which can be measured using velocity and mass, and the Taylor

KO index, which determines the power of projectile at certain stage, are redundant in this

project since they are less pertinent to the topic and can be easily calculated with the other

three characteristics. The vertical path and wind drift of projectile was considered to be

investigated together with velocity at first, but through coding I found that it is difficult to

train the model with multiple outputs with current size of training set and equipment. Only

the velocity of projectile is predicted in this project.

Train Validation Test

Bullet type
6.5 Creedmoor

& .260 Remington
.260 Remington

.260 Remington

.280 Remington

.338 Lapua Magnum

No. of Ammos 15 5 5

Table 3.3: Data chosen for train, validation and test

Table 3.3 shows the types of bullet used in train, validation and test sets. The machine

learning model obtained from the 6.5mm calibre data set will be tested on different calibres.

The bullet I choose are .260 Remington, .280 Remington and .338 Lapua Magnum. Some

of the .260 Remington data is used in the training set, and the rest 5 bullets are used in a

test set, in order to test the performance of model on a test set that is highly similar with

the train set. .280 Remington uses slightly heavier bullet comparing to the training set, and

have a greater calibre. .338 Lapua Magnum is quite different from the 6.5mm Creedmoor and

.260 Remington that are used in training set, with much heavier bullet and wider effective

range, so this set could test the performance of the model on a dataset that is less similar

with training set.

No. of Ammos in table 3.3 refers to the number of data in each set. Each ammunition data

consists of one shoot, with nine measures of velocity at different distance from the muzzle.
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The data set was chosen from the book Ammo & Ballistics 6: For Hunters, Shooters, and

Collectors by Forker[14], which was published in the United States and uses the US system

of measurement units. Because of the country’s relatively less strict gun laws, there are more

people who own and use firearms in the United States.There are a number of federal laws in

the US that control access to firearms and these laws regulate how guns, ammo, and related

equipment are produced, exchanged, stored, transferred, kept in records, transported, and

destroyed[4]. Out of the fifty states, forty-four have a clause in their state constitutions

that protects the right to keep and bear arms, comparable to the Second Amendment of the

US Constitution. Due to all of these factors, the major part of ballistics and guns data is

compiled in the United States and recorded in the US unit system.

In my coding and this report, I will utilise the US unit system in my programming rather

than the more often used International System of Units (e.g. gramme, metre).

3.3 Equation of Motion

Equations of motion are formulas that explain how a physical system operates in terms of

how its movement changes over time, thus the behaviour of a bullet satisfies an equation of

motion. The generic vector differential equation of motion for constant projectile mass is

given by Newton’s second law as:

m
d
−→
V

dt
=

∑−→
F +m−→g +m

−→
Λ (3.2)

Where m represents the projectile mass,
−→
V represents the vector velocity,

∑−→
F represents

the vector sum of all aerodynamic forces the projectile experiencing, −→g the acceleration due

to gravity and
−→
Λ the Coriolis acceleration due to the earth’s rotation.

Coriolis acceleration can significant affect projectiles with large weight and long range travel

distance, such as launching a worldwide missile, however, in comparison to the acceleration

caused by gravity, the Coriolis acceleration is minimal for cartridges that are light in weight

and have a short shooting range. An assumption of ignoring the Coriolis acceleration is made

in this dissertation.

The model using equation of Motion will be discussed in detail in Chapter 4.

3.4 Regression

There are many algorithms in machine learning that could model a trajectory of projectile.

However, many of the methods are ”black boxes”. A model is referred to as a ”black box”

if it is so complex that it is difficult for humans to understand it. Petch et al.[36] stated

some of the limitations of lack of interpretability machine learning models in Cardiology, and

some of them are still applicable in engineering. The reliability of predictive models can be

diminished, and the model’s ability of predicting can be restricted if the trained model is not
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expressible. Also, in order to track the trajectory, improve understanding of the behaviour of

the projectile, and apply this research finding to engineering design, using regression method

which can give a clear trajectory that describes the behaviour of the projectile is a better

choice, comparing to other ”black box” machine learning algorithm.

3.4.1 Symbolic Regression

As discussed in the Chapter 2, genetic programming algorithm was chosen to solve symbolic

regression problem. The tool that I choose for genetic programming is DEAP. DEAP

(Distributed Evolutionary Algorithms in Python)[39] is designed to render algorithms explicit

and data structures accessible. DEAP is open sourced, well documented[1] and already have

a few completed cases and researches based on DEAP to reference online comparing with

other open source projects.

3.5 Evaluation and testing

The aim of this dissertation is to find a machine learning based solution to simulate the

movement of a bullet. By using the method of symbolic regression, it expects an interpretable

function made up of given mathematical operations. This function can help with understanding

the trajectories of different types of bullets, predict the movement of bullets, and could even

possibly help to simulate the trajectories of bullets not in the database, reduces financial

cost, material wastes and time consuming. The results will be examined using both test sets

that are similar to the training set (cartridge size close to the 6.5mm) and test sets which are

less similar (big cartridge with heavier bullet) in order to assess the accuracy and generality

of the model developed, although for the test set that are far away from the training set, the

model is less likely to have a good performance on it.

There are a number of commonly used accuracy measurement methods, which can be divided

into four types: scale-dependent measures, percentage errors based measures, relative errors

based measures, and relative measures[19]. This project does not include comparisons across

multiple scales, thus scale-dependent measurements should sufficient. The commonly used

methods are Root Mean Squared Error(RMSE), Mean Absolute Error(MAE) and Mean

Absolute Percentage Error(MAPE). The error value of for predicted values ŷt for times t

of a regression’s dependent variable yt is calculated as:

RMSE =

√∑T
t=1(ŷt − yt)2

T
. (3.3)

MAE =

∑n
i=1 |ŷi − yi|

n
(3.4)
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MAPE =
100%

n

n∑
t=1

∣∣∣∣ ŷt − yt
yt

∣∣∣∣ (3.5)

Comparing with MAE and MAPE, RMSE is more sensitive to outlier value, and RMSE is in

the same unit of measurement as the variable, so RMSE is selected for testing in this project.

3.6 Ethical, Professional and Legal Issues

This dissertation does not include an ethical review. The datasets used in this project are

either publicly accessible or simulated. This research is constrained by a lack of quantity and

variety of data, as conducting shooting tests is impractical for me. Any further ammunition-related

work must adhere to local firearms regulations.
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Planning

4.1 Data Normalisation

It is difficult for DEAP to add constant terms to the function and provides a reliable prediction

of large numbers. Moreover, comparing to the features such as distance and velocity, the

Boolean variables boattail, roundnose and cannelure have a small value of either 0 or 1,

and these small values are usually ignored by the algorithm when constructing estimating

function, as the values are tiny comparing to the target value, which is the velocity. As a

result, it is necessary for the dataset to be normalised. The methods that will be attempted in

this projects are StandardScaler, MinMaxScaler and MaxAbsScaler from the scikit-learn

Python library[8][35].

• MinMaxScaler: A transformation that changes the data to fit inside a certain range.

The transformation is given by:

XMinMax =
x− xmin

xmax − xmin
(4.1)

• MaxAbsScaler: Each feature is scaled by the maximum value. The transformation is

given by:

XMaxAbs =
x

|xmax|
(4.2)

• StandardScaler: Each feature is standardised using mean and standard deviation.

The transform is given by:

Xstandard =
x− xmean

s.d.
(4.3)

• Initial velocity: This is a custom method for normalisation. For each bullet, the velocity

is scaled by divided by the initial velocity, and other features are scaled using a method

from the methods mentioned above. In this experiment I choose to use MaxAbsScaler

17
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to scale features other than velocity, as it is the method with the lowest RMSE among

first three(result shows in next paragraph).

In addition to the standard ways to normalisation, I will test a custom method, which is

stated as ”Initial velocity” above. All the method mentioned above are applied on the whole

dataset instead of normalising data for individual bullet. The method I purpose for this

project is normalise the velocity by dividing the velocity by the initial velocity of each bullet.

This approach has its benefits and drawbacks. By applying this normalisation method, the

initial velocity of each bullet will be change to 1, this allows the symbolic regression to learn

the feature of ”velocity at d = 0 should equal to initial velocity”. On the other side, applying

different scale to each bullet leads to an inconsistency in measurement. A comparison of

different methods of normalisation is taken. For each method, the same parameters are set

for the genetic programming, and the algorithm is run multiple time(twenty times in this

experiment) on each normalisation method and taken a mean value for a fair comparison:

RMSE

No normalisation 546.238

MinMaxScaler 522.769

MaxAbsScaler 421.591

StandardScaler 430.042

Initial velocity 550.852

Table 4.1: RMSE of model trained with different normalisation methods

In this chart I compare different methods and their performance using RMSEmeasurement.

RMSE row shows the Root-mean-square error, which is the difference of prediction value

compares with the target velocity at different distance, this value could represent the accuracy

of the relative method. The RMSE is calculated in the scale of original data, as for each

normalisation method, the dataset is transformed in different scales, it is necessary to transform

the data to the original unit, otherwise it is worthless to compare values in scale. In this

experiment, the techniques such as add penalty to model not starting from correct initial

velocity are not yet applied, which is also a reason of why the model does not perform well.

From the result of experiment, it is shown that comparing to other three method, the

MaxAbsScalar has the best performance among all four methods. StandardScaler also

has a good overall performance, however, there is problem with using StandardScaler for

normalisation. Standard scaler method assumes that dataset fits in a standard distribution,

which does not discribe the distribution of current dataset. One thing that I notice during

the experiment is the algorithm is very likely to give an estimating function of f = −D,

as the value of distance increases, the value of velocity falls, and both distance and velocity

shift from being far from the mean to the mean and then away from the mean again. The

model learns the correlation between distance and velocity and their mean, but this is not

the proper pattern to learn for this project. In this dissertation I will use MaxAbsScaler as
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the evaluation method as it shows a good performance in this experiment.

4.2 Theoretical approach

In this session I will use the Equation of Motion approach to calculate the movement of

bullet, the equation 3.2 reduces to:

m
d
−→
V

dt
=

∑−→
F +m−→g (4.4)

The forces that influence the trajectory of a bullet include the drag force, the lift force and

the Magnus force, which is the force acting on the spinning object when it moves through

a fluid. A few assumptions have been made: With the assumption that the bullet is shot

horizontally and with a minor elevation angle, the Coriolis acceleration caused by the earth’s

rotation is neglected in this equation, as well as the lift force on the projectile. Since the

Magnus force is small in comparison to either the aerodynamic drag force or the force caused

by wind drift, it is likewise ignored in this situation.

As a result, in this project, the
∑−→

F may be divided into two types: aerodynamic drag force

and the horizontal force that causes a bullet to be pushed off path by a crosswind. The drag

force has magnitude of (12)ρV
2SCD and direction in −

−→
V . Hence, the vector form is provided

by:
−→
FD = −1

2
ρSCDV

−→
V (4.5)

Where S represent the projectile reference area. CD refers to the drag coefficient of bullet,

in this project G1 drag model is used, and the value for G1 drag coefficient is obtained from

McCoy[33]:
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Mach number CD1

0 0.263

0.5 0.203

0.6 0.203

0.7 0.217

0.8 0.260

0.9 0.342

0.95 0.408

1.0 0.435

1.05 0.543

1.1 0.588

1.2 0.639

1.3 0.659

1.4 0.663

1.5 0.657

1.6 0.647

1.8 0.621

2.0 0.593

2.2 0.569

2.5 0.540

3.0 0.513

3.5 0.504

Table 4.2: drag coefficient of G1 drag coefficient, data from McCoy[33]

I observed from table 4.2 that CD1 is given only for a few velocity number, in order to

estimate the drag coefficient between each Mach number interval, I assume the relationship of

velocity and drag coefficient is linear inside each interval. The pseudocode below demonstrates

a function I use to calculate the estimated drag coefficient:

Algorithm 1 Drag Coefficient estimation

Input Reference table {Mach Number, CD}=(an, cn), current velocity v

When ai < v < ai+1

return cd = ci +
ci+1−ci
ai+1−ai

∗ (v − ai)

Break

In the data set, there is a crosswind of 10mph involves. Crosswind will add a force to the

bullet on the side, and will affect the movement of bullet on the horizontal xy-plane. The

figure 4.1 shows the xy-phase and direction of forces acting on the bullet.
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Figure 4.1: An illustration of direction of force acting on a flying bullet

The drag force act against the moving direction of the bullet, and the direction is affected

by the crosswind. When the impact of the crosswind is taken into account, the force on the

direction of wind leads to[31]:

Fx = −CD

2
ρSvvwind (4.6)

The acceleration on each direction can be therefore deduced:

d
−→
V

dt
= V̇x

−→
I + V̇y

−→
J + V̇z

−→
K (4.7)

V̇x = −CD

2m
ρSvvwind (4.8)

V̇y = −CD

2m
ρSvvy − g (4.9)

V̇z = −
CD

2m
ρSvvz (4.10)

Noted in the equations 4.8, 4.9 and 4.10 the projectile has been symplified to a cylinder and

the ballistic coefficient Bc has been written as m
d2
, where d represents the diameter of the

projectile. The acceleration should convert to:

V̇x = −ρπCD

8Bc
vvwind (4.11)
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V̇y = −ρπCD

8Bc
vvy − g (4.12)

V̇z = −
ρπCD

8Bc
vvz (4.13)

I choose to use tangent line approximation to estimate the value of equation 4.4, the algorithm

is shown below:

Algorithm 2 Tangent Line Approximation

Input v ← initial velocity, f ′(x) ← function dv/dt, D ← distance, a ← step size, initial

distance d ← 0, initial time t ← 0

while d < D do

f(t+ a) = f(t) + af ′(t)

t← t+ a

d← d+ f(t+a)+f(t)
2 ∗ a

Save velocity v ← f(t+ a) at distance d

Break

return velocity v at relevant distance d

Inaccuracy of this method:

• In this project, in order to estimate the affect of crosswind on the bullet, the shape

of bullet is simplified into a cylinder, so the cross sectional area can be approximate

using the base area of cylinder, which is equivalent to πr2. But in practice, the cross

section of projectile is not constant from the tail to tip and the area cannot be easily

represented by using this method.

• The drag coefficient curve is steep at certain intervals, and the change within an interval

could be inconsistent. The coefficient of drag calculated based on the assumption of a

linear relationship within each speed interval may differ substantially from the actual

value.

• Note that in the algorithm, an average of start and end velocity at each step was used

for estimation of distance. This may leads to an underestimation of travel distance, and

the velocity at each distance may less than the analytical solution. The use of lower

step sizes is a potential answer for this concern.

4.3 Symbolic Regression

Symbolic regression method was chosen for this project, the reason and benefits of using

symbolic regression are explained in previous chapter. The Python library I picked to achieve

symbolic regression is DEAP. An example using DEAP to solve symbolic regression problem

looks like this:



CHAPTER 4. PLANNING 23

Figure 4.2: Creating primitive set and add operators in DEAP[3]

Figure 4.3: Creator and Toolbox in DEAP[3]

The targetfunc in figure 4.3 is the target function. The model DEAP returns has the

format of:
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Figure 4.4: Example of function provided by DEAP

In order to train the model, a reasonable selected and preprocessed variables are necessary.

One characteristic of DEAP is that DEAP performs bad on large values. Some of the common

operations that are used by DEAP to form the functions have a restricted range, for example,

the outcomes from sin(x) and cos(x) can only landed between (−1, 1). Moreover, DEAP lack

the ability of adding constant term in the equation, the only way of producing a constant

term is divide the varible by itself. Use the example in figure 4.3 as example, when all other

features of the algorithm stays the same:

Table 4.3: Example of using DEAP for symbolic regression

Target function at x=1 Symbolic regression result at x=1

x4 + x3 + x2 + x 4 x(x3 + x2 + x+ 1) 4

x4 + x3 + x2 + x+ 1000 1004 x(x2(x+ x
x) + 16x+ 2x

x) 20

The target of prediction in this project is the velocity of bullet, and the velocity value is

usually in thousands. After attempting training without any preprocess, the outcome value

usually far away from the real value. One of the solution is scaling the data. There are many

aproaches to scale a dataset, some examples of scaling are StandardScaler,MinMaxScaler

and RobustScaler. Different scaling methods could possibly affect the accuracy of machine

learning model, which has been discussed earlier in this chapter. Ahsan et al.(2021)[5]

evaluated different algorithms for machine learning using various data scaling techniques,

which confirmed the effect of scaling method on the performance. Ahsan et al.(2021) did not

include any investigation on symbolic regression, so I did not take their conclusion as a solid

reference. The choice of normalisation method has been discussed in session 4.1

As mentioned in Chapter 2, the ballistic provided by manufacturer is not always accurate. In

order to avoid the misleading ballistic coefficient value, I choose to train the model without

the involving of ballistic coefficient value. The features and target for the symbolic regression

model are shown below:

• D: refers to the distance of bullet measured from muzzle. In the dataset given, the

velocity was measured at 0, 100, 200, 300, 400, 500, 600, 800, 1000 yards from the

muzzle.

• Weight: the weight of bullet measured in grains.

• boattail: Boolean variable. The design of bullet with a boat tail is assigned value 1,

otherwise 0.
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• roundtip: Boolean variable. It has been studied that the shape of bullet tip affects the

aerodynamic drag forces on the bullet. A bullet with round bullet tip is assigned value

1, otherwise 0.

• cannelure: Boolean variable. A cannelure is a groove around the ammunition. A

cannelure on the bullet can prevent the bullet from being pressed deeper into the

cartridge as a result of the gun’s inertial action, which is a part of interior ballistics.

This variable should have less impact on the trajectory other than other variables, while

it is interesting to observe if the result is relevant with this variable.

• initialVelocity: The initial velocity of bullet at the muzzle. As this is a predicting

model of exterior ballistics, the initial velocity need to be given for estimation.

• Velocity: Target of this model. This data is provided in unit of feet per second.

As the task of this project is to predict a dynamic model, the prediction result needs to satisfies

a few condition to make the function ”seems like” a description of projectile movement in

real life:

• Velocity at d = 0: One possible issue of symbolic regression is the velocity curve does

not start from the initial velocity.

Figure 4.5: Example of predicting model not start from initial velocity

A typical prediction model needs to begin with the provided beginning velocity. The

model appears unnatural and is worthless as a reference if the initial velocity is incorrect.

I put a penalty to the model when the model picks the incorrect initial velocity for this

issue.

• Fluctuating velocity: The velocity of bullet needs to follow the physical law. In

the real life, the velocity of a projectile can only reduce with time when it does not

experience any external force since it is subject to the law of conservation of energy.



CHAPTER 4. PLANNING 26

Figure 4.6: Example of velocity not decline over time

At the left side of figure 4.6, the velocity of prediction model shows an act of fluctuation,

which is unrealistic to happen in real-life scenario. After the function is generated in the

model, I will randomly select distance values with small gap and compute the velocity.

For distance d1 > d2, velocity should act as vd1 > vd2 , otherwise a penalty will apply

to the function.

• Change of acceleration:

Figure 4.7: Example of acceleration not decrease steadily

Figure 4.7 shows an example of projectile acceleration not constantly decrease. The

estimate curve shows a decreasing trend of ”flat-steep-flat”, indicating that the bullet’s

rate of acceleration is not monotonously decreasing. This abnormal trend could be

detected by computing the derivative of acceleration(i.e. second order derivative of

velocity). The derivative of acceleration should always be negative to satisfy the

behavior of a projectile. An analytical differentiation process can be achieved through

SymPy, by simply using sympy.diff(). However, this takes long processing time.

Instead of using analytic derivative, a numerical derivative estimation could be applied:
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f ′(x) ≈ f(x+ h)− f(x)

h
(4.14)

where h is a small number.

For second order derivatives such as acceleration, apply the equation 4.14 a second

time:

f ′′(x) ≈ f(x+ h)− 2f(x) + f(x− h)

h2
(4.15)

In this project, the function f(x) usually refers to the velocity of projectile, and h refers

to a small time gap and is set to be 0.0001 second.

Algorithm 3 is a pseudocode showing the rule of adding penalty in the evaluation process:

Algorithm 3 Evaluation process

Input training set Dtrain includes distance d, ballistic coefficient Bc, initial velocity IV

etc., velocity estimation function f(X)

for each set of data X in Dtrain do measurement of error error = 0

if d = 0 and f(X) = IV then

No penalty

else if d = 0 and f(X) ̸= IV then

error+ = RMSE + penalty

else

if dv
dt > 0 then

error ← error +RMSE + penalty

else if d2v
dt2

> 0 then

error ← error +RMSE + penalty

else

error ← error +RMSE

return error

The penalty value added in algorithm 3 is large comparing with the RMSE values. In

practice, I set the penalty value to be 108, while the RMSE values are usually around one

hundred.

4.3.1 Genetic programming process

Genetic programming is an algorithm that can evolve an inadequate programme until it

satisfies the standard. It operate on the population of programmes through methods similar

to those seen in natural genetic processes. There are several types of genetic programming,

this project uses the tree-based genetic programming, which describes a programme with tree

structure and iteratively evaluates through the tree to produce the final expression. Figure 4.8

shows a tree-based expression of function x ∗ y + (−z).
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Figure 4.8: An example of tree-based expression of x ∗ y + (−z)

The genetic programming proceeds as follows:

1. A primitive set with operators is generated. Any operations that will be used later in

the functions should be added to the primitive set. The operations I choose for this stage

are add(a,b), sub(a,b), mul(a,b), div(a,b), scala2(a)(= 2a), add2(a,b)(= a+2b),

mul2(a,b)(= a ∗ 2b) and div2(a)(= a
2 ). scala2(a), add2(a,b), mul2(a,b), div2(a)

are a combination of multiple operations, this might decrease the overall number of

operators in the function and speed up the training process, as there are fewer generators

in each individuals that need to operate on. It is also worth to mention that there is

an if statement inside div(a,b) function, which protects the function from returning a

zero division error and returns a value of one if divisor equals to zero.

2. Register some parameters to the genetic programming. This refers to toolbox in the

example in figure 4.3. This includes specifying how the tree is generated, restricting

the depth of the tree, establishing a static limit for some certain measurements defined

by Koza[23]. Last but not least, the measurement of error for genetic programming

generated function should be stated and added to the toolbox of the algorithm. The

error measurement function should have an input of function variables and their target

value, and returns a value that represents the error of the function.

3. Launching the evolutionary process. In this step, the population of genetic programming

is specified, which is the size of possible solutions that are considered in this generation.

Any parameters pertaining to evolution, such as the probability of mating and mutation,

should be entered at this stage in order to prepare for iteration. An example could be

find in the eaSimple function in figure 4.3.

It is worth noted that the choice of population size is important. If the population

size is too small, the model may slip into local optimization and struggle to produce

well-performed solutions, on the other hand, a large population can make the training

process computationally expensive[28].
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4. An initial population is generated at random, following by a specified number n of

generations of the algorithm:

(a) Each individual in the population are evaluated. The top k individuals with

the best performance are selected, while the others with lower performance are

eliminated.

(b) The selected individuals then crossover at a certain probability. New individuals

are produced and added to the population.

(c) Each individual will mutate at certain probability. Mutation could introduce

diversity into the model, and avoid the model fall into local optima by preventing

only similar chromosomes(features) selected in the population.

5. The operations in step 4 are repeated for n generations(i.e. iterations of genetic

programming), and the best performance functions will be returned.

Here is a flow chart that demonstrates this process:

Figure 4.9: Flowchart of genetic programming training process

4.3.2 SymPy

The Python library SymPy is used for converting functions generated by DEAP to readable

results. SymPy is a open source computer algebra system, it is capable to handle a series of

tasks from basic arithmetic to solving equations and calculus[43][21].

SymPy can convert DEAP results to a easily readable format or format that suits LATEX. Here

are the steps of transforming DEAP results to other formats:
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1. Convert some mathematical operations and customised operations into SymPy readable

format:

DEAP operator Maths expression expression in SymPy

add(a,b) a+ b Add(a,b)

sub(a,b) a− b Add(a, Mul(-1,b))

mul(a,b) a ∗ b Mul(a,b)

div(a,b) a/b Mul(a,Pow(b,-1))

scala2(a) 2a Mul(2,a)

add2(a,b) a+ 2b Add(a,Mul(2,b))

mul2(a,b) a ∗ 2b Mul(a,Mul(2,b))

div2(a) a/2 Mul(1/2,a)

Table 4.4: Operators in DEAP and SymPy

Noted that last four operations are used to reduce the need of populations in the genetic

programming for symbolic regression.

2. Convert the expression into string.

3. Apply sympy.simplify() to the function, this will give the function a simplest form

of expression string and print the result in a easily readable format. This is useful

especially when the population of genetic programming is set up too high, and the

output function contains unnecessary terms(e.g. x ∗ (x ∗ x−1) instead of x).

Here is an example of converting DEAP result process:

1. DEAP output: mul(mul(mul(add(x, protectedDiv(add(x, add(protectedDiv(add(x,

protectedDiv(x, x)), x), sin(sub(x, x)))), x)), x), x), x)

2. SymPy expression in string: ’Mul(Mul(Mul(Add(x,Mul(Add(x,Mul(Add(x,Mul(x, Pow(x,

-1))), Pow(x, -1))), Pow(x, -1))),x),x),x)’

This can be written as: (x+ (x+ x ∗ x−1) ∗ x−1) ∗ x ∗ x ∗ x

3. Simplify the function through SymPy and return the LATEX format: x
(
x3 + x2 + x+ 1

)
4.4 Hybrid Model

Instead of training the symbolic regression model only based on the dataset, there is another

possible approach of a combination of both equation of motion and symbolic regression. The∑−→
F term in equation 4.4 is made up of several forces, and it is not accurate or comprehensive

to estimate the force using aerodynamic drag force only. Gravity undoubtedly affects how a

projectile moves, therefore the term −→g may be left in the equation 4.4 and I choose to use
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symbolic regression to estimate the aerodynamic forces applied on the projectile. The target

of this session should become:

m
d
−→
V

dt
= func(X)+

−→
F +m−→g (4.16)

Where func( ) represents the aim of symbolic regression, X represents variables that may use

in the equation, and
−→
F represent the drag force that is mentioned in the equation of motion

session 4.2, so the func( ) is used for filling in the gap between theoretical approach and the

real value.

The setup and procedure of building up this hybrid model is similar to the symbolic regression

model, but the variables used and target value is different. The estimating function in this

task, as mentioned in the previous paragraph, attempts to narrow the gap between the

theoretical method and the actual value, so the target variable of this symbolic regression

model is the difference of theoretical method velocity and the velocity from the dataset and

an evaluation method(RMSE in this project) is taken to test the performance of the model.

Just same as the symbolic regression model, the hybrid model needs to satisfy the law

of motion to ensure the model can be applied to real life. In this case, the method of

measurement is simpler: As the right hand side of equation 4.16 func(X)+
−→
F +m−→g describes

the acceleration of the projectile, the acceleration needs to be in the direction of against the

movement of bullet, The estimation of first and second order derivative of m
−→
V should satisfy

the requirement of conservation of energy, which means, the . first and second order derivative

of func(X)+
−→
F +m−→g should be both negative.

Variables and target that will be used in this method are stated as below, most of the variables

have already been explained in the symbolic regression session:

• D: Distance measured from muzzle.

• Weight: weight of bullet in grains.

• boattail, roundtip, cannelure: Boolean variable related to the shape of bullet.

• initialVelocity: Initial velocity of the bullet at muzzle.

• Veom: Velocity at current position computed by the equations of motion.

• dragCoefficient: It has been demonstrated that the drag coefficient can influence

the aerodynamic drag force and thereby the bullet velocity[25][45]. Therefore I add

an variable of drag coefficient, which could be estimated using the drag coefficient

estimation function (algorithm 1) and current scalar velocity of the bullet.

• V_gap: target of this function, the velocity difference of equation of motion and the

target value.
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4.4.1 Limitation of the project

At first, the plan of this project is to use symbolic regression to estimate forces that the

projectile experiencing in each direction, and use tangent line approximation to compute the

estimate velocity in 3 degrees of freedom. Upon attempting, I discovered that this approach

is not realistically achievable: The tangent line approximation needs to be iterated multiple

times, in each iteration each function is calculated three times in different direction, and

the iterations are computed at a small time gap step to achieve greater precision during the

evaluation stage. This requires a considerable amount of calculations. Although this project

is not a time-sensitive task and training time should not be considered as a main factor in this

project. This calculation is hard to achieve with the performance of my personal computer.

Instead, I choose the current approach, which is to improve the accuracy of equation of

motion with symbolic regression. Although the current method has slightly deviated from

the original intention of this session, which is using symbolic regression technique to give a

precise prediction of d
−→
V
dt in all different directions, with my existing equipment, the desired

goal could not be attained.

4.5 Internal ballistics modelling

The internal ballistics modelling task involves in this project is the relation of gunpowder

loaded and initial velocity of bullet. However, an experimental data including different volume

of powder loaded and and measurement of initial velocity is hard to find. I use simulated data

from Gordons Reloading Tool[2], which can produce data through mathematical calculation

of internal ballistics by selecting cartridge, projectile and powder loaded volume. Comparing

to the dataset for external ballistic models that are discussed earlier in this dissertation,

which only has one set of data for each cartridge and bullet combination, this time, a range

of data with different gun powder volume are used for training. In this experiment, not only

performance of symbolic regression on internal ballistics, but also the effect of broadness of

data on symbolic regression could be tested. For each cartridge and projectile, a function

that describes the relation of powder volume and initial velocity of projectile is trained base

on following features via symbolic regression:

• Cartridge type: These are not variables included in the estimating function. Although

GRT database includes detailed measure of the cartridges and their chamber, considering

it requires a large amount data of measurements in order to investigate how initial

velocity number affected by cartridge shape, and all data is manually entered, it is not

realistic to study this topic in this project. Instead of computing a general function

that suits all cartridges, I choose to train a estimating function for each cartridge

individually.

• bullet measurement: A series of bullet measurements such as diameter, length,

weight, tail type and ballistic coefficient are contained in the dataset. The unit of all

measurements are in inches.
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• powder loaded: Propellant in the chamber of cartridge burns and generates large

amount of gas and pushes the projectile out of the barrel. In the safe load range, for

the same propellant and a typical, no aberrant shot, more gunpowder loaded usually

means faster initial speed. The powder loaded values are measured in grains.

• Initial velocity: The initial velocity in this session refers to the velocity of bullet

at the muzzle. While there are many factors that might affect initial velocity, in this

project, I only focus on the impact of gunpowder loaded weight. The initial velocity is

measured in feet per second.

For this task, I achieve symbolic regression using the DEAP framework. Symbolic regression

method and DEAP has been discussed in chapter 2, 3 and 4. The data is manually entered

and generated by GRT for each bullet, providing the initial velocity from a powder load of 30

grains to the maximum load, which is often around 40 grains. The full size dataset contains

10 6.5mm Creedmoor ammunitions and their measures, powder loaded and initial velocity,

and the test dataset contains 2 ammunitions of same type.

In this session I also test the performance of symbolic regression model on different size of

datasets. I reduce the size of dataset by randomly removing some of the rows. The four

datasets I choose to test the model on are 100%(full dataset), 70%, 40%, 10% and their

results are discussed in chapter 5.



Chapter 5

Result and Discussion

5.1 Models included in this project

Several models are trained and their performances is tested:

• Theortic approach using equation of motion with ballistic coefficient

• Theortic approach using equation of motion with mass and diameter

• Symbolic regression on velocity bases on ballistic model

• Symbolic regression on velocity bases on ballistic model + penalty at evaluation

• Hybrid model: Symbolic regression on dv
dt

• Symbolic regression on internal ballistic modelling

In this session, I will discuss and compare the performance of some of the models above. I

choose to use RMSE to analyse the error of each model.

5.2 Comparison of equation of motion with and without ballistic

coefficient

Figure 5.1 and figure 5.2 shows the results of theoretical approach using equation of motion

on the training set, which includes 6.5mm Creedmoor and .260 Remington, two ammunitions

that have similar size and performance. Two types of equation of motion are used: Figure 5.1a

demonstrates the difference of equation of motion using ballistic coefficient(equation 4.11,

4.12 and 4.13) and training set by different distance from the muzzle. Figure 5.1b demonstrates

the difference of equation using mass and diameter to estimate the ballistic coefficient(equation 4.8, 4.9

and 4.10) and the training set by different distance from the muzzle. The shade in figure 5.1

has a width of two standard deviation.

Figure 5.2 plots the average of two models in the same figure for easier comparison.

34



CHAPTER 5. RESULT AND DISCUSSION 35

(a) Error using ballistic coefficient estimation (b) Error using mass-diameter estimation

Figure 5.1: Error using equation of motion with different methods on train set

Figure 5.2: Average error of equation use ballistic coefficient and mass-diameter

Distance(Yard) Ballistic Coefficient Mass and diameter

0 0 0

100 -15.612 -70.350

200 -28.105 -131.807

300 -41.297 -188.646

400 -50.733 -236.180

500 -60.588 -277.235

600 -67.386 -306.254

800 -73.644 -316.579

1000 -65.427 -260.114

Table 5.1: Comparison on average error of two equation of motion model

From figure 5.1a and figure 5.1b it can be seen that both ballistic coefficient and mass-diameter

does not give an accurate velocity estimation. Both of the model underestimate the velocity.
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It could be seen from figure 5.1 that mass-diameter model has a larger standard deviation

comparing to the ballistic coefficient model, the reason of this is using mass and diameter

to estimate ballistic coefficient ignore the impact of bullet shape, material and design, and

for all bullets in the training set, the same diameter value is applied as the bullets has same

calibre. This causes the estimation values spread out and make the result less reliable.

Figure 5.2 compares the mean value of two models in the same plot. The figure shows

that the error of mass-diameter model is much greater than ballistic coefficient model. The

trustworthiness of mass-diameter model is questionable, but the performance of ballistic

coefficient model is acceptable. In this chapter later, I will develop the equation of motion

with ballistic coefficient by combining it with symbolic regression and try to further improve

the performance.

5.3 Symbolic regression on projectile movement

First I attempted the model without penalty added for the genetic programming evaluation

process. If only consider the RMSE value and the deviation from real value is acceptable.

However, the estimating functions produced by the genetic programming often do not satisfy

the requirement of this project, which is to simulate a real-world movement that follows

the law of motion. The majority of functions have the problems of not following the initial

velocity(i.e. return a different value from the initial velocity at distance of 0), or the velocity

does not decrease as the bullet travels further. As discussed in chapter 4, different levels of

penalty was added to the model in order to achieve a reasonable result.

At first each penalty in evaluation was set to a same value. A phenomenon of model

converging to a local optimum was observed, and in order to solve this issue, I took a few

actions: After a few experiments, it seems that assigning different level of penalty value

can improve the performance of model, and reduce the chance of machine learning model

falling in to local optimum to avoid being excessively penalised. Another measurement I

choose is to increase the mutation rate and population number of genetic programming. A

higher mutation rate brings more diversity to the population(Cobb, 1990)[11], and a larger

population number could also keep the sub-optimal solutions to ensure the model searches

in a wider range of possible optimisation solutions.

Another observation is that the symbolic regression model occasionally returns a function

that is only related to the variables ”distance” and ”initial velocity”, while ignoring variables

that have been demonstrated to be theoretically relevant to velocity, such as ”ballistic

coefficient” and ”weight.” A possible explanation is lacking from the variation of training

dataset, therefore the model learns the relationship between mass and velocity as a commonality

of all projectile movements without associating it with projectile characteristics. A possible

solution for this is to add more variety to the training dataset, by including different shape

of projectiles(e.g. a rounded pistol bullet or bullet with different lengths) and more features

of the bullet(e.g. length and angle of the tail, bearing surface and tip; some bullets are

consisted of different materials, and position of centre of mass may vary). To test this
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potential enhancement, a more comprehensive data set and a more powerful computer may

be necessary; hence, it has been recognized as a limitation of this project and suggested for

future research. A hyperparameter tuning process is carried out to select the best combination

of parameters for the model:

Population size RMSE

10 529.243

100 481.195

200 194.918

300 170.979

500 188.324

Table 5.2: Comparison on population size of genetic programming

Generation number RMSE

10 368.836

50 315.977

100 257.963

200 202.804

300 147.557

500 129.189

Table 5.3: Comparison on generation number of genetic programming

Crossover rate Mutation rate RMSE

0.2 0.05 322.184

0.2 0.2 321.959

0.2 0.5 355.103

0.5 0.05 217.924

0.5 0.2 290.742

0.5 0.5 142.738

0.5 0.6 124.062

0.5 0.7 289.887

0.7 0.05 480.868

0.7 0.2 469.208

0.7 0.5 480.868

Table 5.4: Comparison on generation number of genetic programming

Table 5.2 compares the performance of genetic programming model with different size

of population while other parameters stay the same(generation=100, crossover rate=0.5,
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mutation rate=0.3). The result shows a decline in error as population size increases, which is

identical to findings by Gotshall and Rylander[15], which is that there is a higher likelihood

that the population will include a chromosome that reflects the optimal solution. An overly

large population will not affect the performance, but it could extra time to process the

model. Table 5.3 compares genetic programming model with different generation numbers

with other parameters fixed. A large generation number means more iterations and the

output is closer to the optimal solution after convergence, but it could also have problems.

Issues with large generation number is time consumption and overfitting. Since this project is

not time-sensitive, a long training time is acceptable. In order to ensure that the estimating

function returns a reasonable level of accuracy, I select a large generation number and monitor

the RMSE value of model on both training set and validation set. If the model perform way

better on training set comparing with validation set, that could mean the model is overfitting.

Table 5.4 demonstrates combinations of crossover rates and mutation rates. Hassanat et

al.[16] suggested a common approach of crossover rate of 0.9 and mutation rate of 0.03, while

in this project when both crossover and mutation rate have a value around 0.5 seems to have a

relatively good result, which is in contrast to the finding from Hassant et al.. By analysing the

validation set and selecting the function with the lowest RMSE value, the optimal estimating

function is determined. Note that the symbolic regression use MaxAbsScaler to scale the

variables before training, so each variable needs to be divided by the maximum value of

the variable in the training set. The RMSE at each distance when applying the estimating

function to the train, validation and test datasets is shown as below:

RMSE

Training set 103.727

Validation set 93.151

Test set 1 95.692

Test set 2 169.848

Test set 3 326.103

Table 5.5: Symbolic Regression: Overall RMSE on each dataset



CHAPTER 5. RESULT AND DISCUSSION 39

Distance from muzzle(Yards) RMSE

0 0

100 43.514

200 75.961

300 95.140

400 106.151

500 105.587

600 96.448

800 73.048

1000 178.531

Table 5.6: Symbolic Regression: RMSE on the training set at each distance

Distance from muzzle(Yards) RMSE

0 0

100 195.310

200 70.168

300 27.156

400 59.716

500 73.770

600 70.206

800 34.577

1000 138.403

Table 5.7: Symbolic Regression: RMSE on the validation set at each distance

Distance from muzzle(Yards) RMSE

0 0

100 169.724

200 37.855

300 48.503

400 95.038

500 110.798

600 109.843

800 64.546

1000 110.815

Table 5.8: Symbolic Regression: RMSE on the test set 1 at each distance
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Distance from muzzle(Yards) RMSE

0 0

100 195.043

200 59.953

300 72.089

400 126.743

500 375.623

600 173.445

800 153.527

1000 44.640

Table 5.9: Symbolic Regression: RMSE on the test set 2

Distance from muzzle(Yards) RMSE

0 0

100 64.776

200 90.792

300 204.524

400 307.178

500 408.013

600 501.347

800 566.804

1000 263.385

Table 5.10: Symbolic Regression: RMSE on the test set 3

Table 5.5 shows the RMSE value of model on five datasets, including training set from

6.5mm Creedmoor and .260 Remington, validation set from .260 Remington, test set 1 from

.260 Remington, test set 2 from .280 Remington and test set 3 from .338 Lapua Magnum. The

model has a similar level of accuracy on training set, validation set and test set 1, indicates

that the model is not overfitting. The model is less accurate on test set 2 and even worse on

test set 3, as the ammunition model in test 2 is more similar than model in test set 3, but

still different in size and weight comparing to the training set.

Table 5.6, table 5.7, table 5.8, table 5.9 and table 5.10 shows the performance of symbolic

regression model on different data set at different distance. As can be observed, the model

performs reasonably well between 200 and 500 yards from the muzzle for all datasets other

than test set 3. A less accurate score in test set 3 is understandable given that it contains

samples from the .338 Lapua Magnum, which has a more distinct shape compared to the

previous sets, which also indicates that this model may not be able to generalised and apply

to othe ammunition models.
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5.4 Hybrid model for external ballistics

Method of combining equation of motion and symbolic regression model has been discussed

in chapter 4. The model is trained bases on the result of session 5.1.1, where the difference

of ballistic coefficient estimated velocity and target velocity is considered as the target value.

Penalties similar with the symbolic regression model is also applied in this model.

RMSE

Training set 20.997

Validation set 7.591

Test set 1 11.578

Test set 2 11.813

Test set 3 37.234

Table 5.11: Hybrid model: Overall RMSE on each dataset

Notice that this result is significantly better comparing with the result in table 5.5.

The reason this happens is because symbolic regression typically provides high errors as the

distance from the muzzle increases, and it might be that the pattern of difference between the

real value and the law of motion model is more regular and easier to learn for the symbolic

regression than for the velocity value.

Figure 5.3: Error of velocity prediction of each bullet in different datasets by weight

Table 5.11 presents the RMSE of the model’s results after being implemented to five

datasets. It is shown that the model generally has a good performance on all datasets in

this project. Note that this model performs better on the validation set in comparison to

the training set. One possible explanation for this difference in performance is that the

training set contains two different types of ammunition, whereas the model may only capture

the characteristics of.260 Remington ammunition, which is the type included in both the

validation set and test set 1. The prediction result is less accuracy on the test set 3, which
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might because of the ammunition model difference, but the error value is still acceptable and

could be considered as a usable model. Figure 5.3 is a scatter graph about the performance of

the hybrid model on different datasets. The scatters are shown according to the bullet weight

and difference between predicted and actual velocity(Vpredict−Vreal). It can be seen that the

model generally well predicts all five datasets. The model frequently slightly over-predicts

the true value for the train, validation, and first two test sets except for one outlier at weight

of 120 grains, whereas for test set 3, the model is generally underestimated and has a greater

error value. This result is understandable given that the test set 3 varies more from the

training set. Test set 2 also used a different bullet model(.280 Remington) from the training

and validating sets, however, the outcome does not seem to have a significant difference.

5.5 Internal ballistics model

Symbolic regression is applied on the simulated data of 6.5mm Creedmoor ammunition from

Gordon’s Reloading Tool. Models are trained multiple times on different subsets of dataset

to test the relation of dataset size and model accuracy. The dataset size selected are 100%,

70%, 40% and 10%. First a normalisation process using MaxAbsScaler is applied to the

dataset. Any other parameters of symbolic regression such as population size, crossover rate

and mutation rate stay the same while training different models.

size of training subset RMSE

100% 18.657

70% 20.353

40% 56.581

10% 53.858

Table 5.12: RMSE on different size of trainign set

Figure 5.4: RMSE of internal ballistic prediction model on different powder loaded
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Table 5.12 shows the RMSE value of applying predicting model trained with different

size of training set. It can be seen that in this project, the model using larger dataset has a

smaller error. The model using 70% of dataset also generally has a good performance and

the RMSE value does not have an significant increase comparing with the full size dataset, so

it may worth consider to cut down the size of data by around 30% in training, if the time or

equipment is limited. On the other side, it may also indicates that at least 70% of dataset is

required to obtain a model with performance comparable to that of the entire dataset. In this

project, the model only trained on a small dataset size with around a hundred data, so this

conclusion may not able to be generalised. Figure 5.4 shows the RMSE of the model trained

using the full size training dataset and applied on the test dataset. The figure demonstrates

that the model has a similar level of performance over the range of powder loaded from 30

grains to 41 grains. At the powder weight of 42 grains, I noticed that the RMSE value at 42

grains is considerably smaller than any other weight. By checking the training set and test

set, I find out that both training and testing set lack the data of powder loaded weight 42

grains, so the predicting model is not able to learn the behaviour of velocity changing at 42

grains. Moreover, there is only one set of data in the test set that includes the initial velocity

at 42 grains, so the small RMSE value at 42 grains cannot represent the performance of the

model at this weight.

5.6 Limitation and follow-on works

This project has its limitations:

• Lack of data: All the datasets for external ballistics are obtained from the book Ammo

& Ballistics 6[14], and the data for variables ”boattail”, ”roundtip”, ”cannelure” are

from the relavent bullet product pages, dataset for internal ballistics are generated using

Gordons Reloading Tool[2]. Since each piece of data is manually entered, collecting a

sizable dataset is difficult for me.

Moreover, for the external ballistics predicting model, the bullet specifications are not

sufficiently precise. A bullet cannot be adequately described by its weight, ballistic

coefficient, and a few additional features like tail and tip shapes. Typically, a sufficient

dataset and enough features are needed in order to build an accurate machine learning

model.

• Limitation of genetic programming: Genetic programming has its drawbacks. As

the evolution process is completely random, genetic programming cannot guarantee to

return the optimal performance model. This suggests that there may be a solution

superior to the prediction functions claimed in this report. Due to this randomness,

it is also difficult to ensure that the algorithm would provide relatively decent results

within certain generations, hence the training duration cannot be specified. It may be

possible to improve the performance of genetic programming models by combining it

with other algorithms.
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• Other target variables that have not been considered: Other than velocity,

factors like the bullet decline route and wind drift are also taken into consideration

during the phase of project planning. These variables are equally, if not more important,

than the velocity when describing the movement of projectiles. However, it is difficult

for symbolic regression using DEAP to compute numerous outputs simultaneously, and

it is also hard for my personal computer to perform the computations. These variables

are not considered anymore in the experiment stage.

The following is a list of the identified further work:

• Use a larger, more comprehensive dataset for training. As stated in Chapter 1, one

of the advantages of symbolic regression comparing with other trajectory prediction

methods is the ability to examine the impact of different bullet attributes on bullet

trajectory. For instance, if the parameter preceding the cannelure variable is minor, we

may conclude that the cannelure design has little effect on bullet velocity.

• Use a more powerful computer to train the algorithm, so that the model can be trained

on a larger and more complete data set and achieve greater accuracy. The theoretical

method to velocity could also be estimated with a more comprehensive equation of

motion and a narrower gap for a more precise answer.

• Improvement on genetic programming algorithm. Given that a genetic algorithm

may not always produce the optimal outcome, it may be possible to combine genetic

programming with other techniques to improve the outcome, for example Mundhenk et

al.[32], which is an RNN approach of symbolic regression in which genetic programming

is used between each layer, evaluating output samples and running a number of genetic

programming generations. The samples generated by genetic programming and the

original samples from RNN are then mixed and utilised to train RNN.



Chapter 6

Conclusions

This project aimed to find a good prediction model for ballistics. The methods chosen for

predicting the velocity of bullets at different distances from the muzzle are a theoretical

approach by the equation of motion, symbolic regression through genetic programming with

DEAP framework, and a hybrid model that uses a combination of the above two. The models

are trained on and aimed to fit datasets from book Ammo & Ballistics 6[14]. In order to

achieve the requirement of predicting a trajectory, penalty is added for different situations.

The requirement of this project is able to be achieved, and the performance of models are

evaluated using a standardised measurement(RMSE). The evaluation and discussion about

the results are included in chapter 5. Each method in chapter 5 is trained multiple times and

the best performance model is selected. When the distance from the muzzle is between 200

and 600 yards, a model based simply on symbolic regression has a good accuracy. However,

it usually performs poorly when the distance is either short (100 yards) or long (1,000 yards).

The explanation may be that it is difficult to comprehend the law of motion and the pattern

of velocity using solely symbolic regression, and the periodic operators(e.g. sin, cos) add

some periodicity to the expression, so the error does not vary consistently with distance. The

hybrid model has the best outcome among three models. It is possible that the pattern of

difference between the real value and the model of the law of motion is more regular and

easier to learn for the symbolic regression than for the velocity value.

This project also trains a symbolic regression model on internal ballistics. There is few

innovation involved, and the procedure and outcomes are straightforward. A model is trained

using various training set sizes in an experiment, and the results show that the training set

size may be reduced without adversely impacting the training outcomes in terms of time or

hardware requirements. It may also indicate that for a relatively good performance model to

be obtained, at least 70% of data from training set need to be kept according to table 5.12.

It is suggested that future research on this topic utilise a higher-performing training machine

and a larger, more comprehensive training dataset, and that additional target variables,

such as path and wind drift, be considered. This research uses genetic programming for

symbolic regression as it is the most common approach to symbolic regression; yet, genetic

programming could possibly be improved by integrating it with different algorithms to build
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an optimal model for symbolic regression.
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Appendix A

Display of result from symbolic

regression model

Symbolic regression model trained from the training set normalised with MaxAbsScaler in

session 4.3 is demostrated as below:

D = distance from muzzle(yards)/1000

BC = ballistic coefficient/0.585

Weight = weight(grains)/140

IV = initial velocity at muzzle(feet per second)/3200

V = velocity(feet per second)/3200

And function

V=add(mul(D, add(add(neg(mul(protectedDiv(IV, add2(add(sin(div2(BC)), add(add(div2(BC),

protectedDiv(D, protectedDiv(protectedDiv(add(BC, cos(BC)), BC), mul(mul2(div2(add(IV,

BC)), D), protectedDiv(D, sin(protectedDiv(roundtip, roundtip))))))), Weight)),

Weight)), add2(div2(add2(mul(IV, protectedDiv(cos(mul(D, add(BC, D))), D)),

mul(protectedDiv(mul(mul(roundtip, add2(sub(neg(IV), protectedDiv(neg(roundtip),

IV)), IV)), cos(Weight)), add2(add2(mul2(mul(Weight, div2(neg(Weight))),

cos(scala2(boattail))), div2(D)), add(add2(BC, add2(add2(IV, Weight), div2(BC))),

D))), IV))), Weight))), neg(D)), cos(cos(mul(Weight, D))))), IV)

52



APPENDIX A. DISPLAY OF RESULT FROM SYMBOLIC REGRESSION MODEL 53

This function is then converted to human-readable form using SymPy.
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For each fraction in the equation, if the denominator equals to zero, the whole fraction should

equal to one. This is set in the function protectDiv( ), but it is not presented in the latex

form maths expression.



Appendix B

Display of result from hybrid model

This appendix shows the result of the hybrid model described in session 4.4. The training

set is normalised with MaxAbsScaler.

D = distance from muzzle(yards)/1000

BC = ballistic coefficient/0.585

Weight = weight(grains)/140

IV = initial velocity at muzzle(feet per second)/3200

V eom = velocity calculated from equation of motion(feet per second)/3200

Vgap = velocity difference of equation of motion and target(feet per second)/3200

And function:

V_gap=mul(mul(IV, Veom), mul(sub(sub(protectedDiv(mul(-1, protectedDiv(mul(BC,

add2(add(mul(D, sub(sub(Weight, cannelure), mul(Veom, mul2(Veom, mul2(sub(IV,

Veom), boattail))))), Veom), mul(D, protectedDiv(sub(scala2(Weight), sin(mul2(Veom,

Veom))), mul(scala2(mul2(protectedDiv(mul2(IV, 0), cos(-1)), roundtip)),

mul2(scala2(protectedDiv(protectedDiv(BC, boattail), boattail)), mul(mul2(BC,

Weight), mul2(IV, boattail)))))))), mul(scala2(add2(sub(Weight, sub(D, cannelure)),

mul(D, protectedDiv(sub(scala2(mul2(roundtip, D)), Weight), mul(scala2(mul2(cos(roundtip),

mul2(Veom, boattail))), mul2(scala2(div2(boattail)), mul2(add(Veom, cos(boattail)),

add(sub(D, D), Weight)))))))), mul2(scala2(boattail), roundtip)))), mul(scala2(Weight),

cos(sin(mul2(Veom, mul2(sub(IV, Veom), mul2(BC, IV))))))), cos(sub(Weight, sub(D,

cannelure)))), boattail), sub(IV, Veom)))

This function is then converted to human-readable form using SymPy.
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For each fraction in the equation, if the denominator equals to zero, the whole fraction should

equal to one. This is set in the function protectDiv( ), but it is not presented in the latex

form maths expression. The estimation result of the hybrid model should be:

V = V eom+ Vgap ∗ 144.058 (B.2)

where 144.058 is the maximum value of velocity gap in the training set.
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